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Abstract

This paper develops an econometric model to analyse heterogeneity in peer
effects in network data with endogenous spillover across units. We introduce a
rank-dependent peer effect model that captures how the relative ranking of a
peer outcome shapes the influence units have on one another, by modeling the
peer effect to be linear in ordered peer outcomes. In contrast to the traditional
linear-in-means model, our approach allows for greater flexibility in peer effect
by accounting for the distribution of peer outcomes as well as the size of peer
groups. Under a minimal condition, the rank-dependent peer effect model
admits a unique equilibrium and is therefore tractable. Our simulations show
that that estimation performs well in finite samples given sufficient covariate
strength. We then apply our model to educational data from Norway, where we

see that higher-performing students disproportionately drive GPA spillovers.
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1 Introduction

This paper introduces an econometric model designed to investigate heterogeneous
peer effects within network data. Network datasets capture the binary links between
units, such as friendships among students or business transactions between firms.
These connections raise important questions about how linked units influence one
another through spillovers, known as peer effects. The goal of this paper is to develop
an econometric framework that allows for flexible patterns of peer effects, with which
empirical researchers can uncover variations in the structure of peer effects across
different settings. Specifically, we will focus on variation based on peers outcomes
relative to each other: a rank-dependent peer effect model.

In different empirical contexts, we anticipate varying patterns of peer effects. For
instance, when students in a school interact in ways that allow them to receive help
from higher-performing peers, the outcome of your highest-performing friend may
determine the spillover effect. On the other hand, in a manufacturing setting where
workers operate on a conveyor-belt-style assembly line, the performance of the slowest
worker might be the key factor determining the spillover effect. The rank-dependent
peer effect model allows us to identify these rich patterns of peer effects.

The current literature of peer effects primarily focus on estimating a scalar spillover
parameter. Following the seminal works of Manski (1993); Bramoullé, Djebbari, and
Fortin (2009), the canonical linear-in-means (LIM) peer effect model is as follows: for

i=1,---,n,

Y; = BY; + 2,7y + ;. (1)

In the example of the spillover in the exam score, Y; is the exam score for student 7, Y;



is the mean of the student 7’s peers’ exam scores and x; is the vector of student-level
control covariates for student 7. x; may include variables for contextual effects: e.g.,
the mean of the peers’ socioeconomic variables for student . In the LIM model, the
peer effect is modeled to be a product of Y; and a scalar peer effect parameter 3.

However, the LIM model has several caveats due to assuming linearity and uni-
formity, limiting the patterns of spillover it can analyse. Firstly, the LIM model
assumes that inputs from different peers are perfectly substitutable; e.g., there is no
compositional effect from having homogeneous peers compared to having heteroge-
neous peers with equal mean. Moreover, the LIM model imposes that the number of
peers should not matter. This is in contrast with the recent findings in the empir-
ical economics literature that the centrality measure such as number of peers is an
important determinant in one’s outcome.

In light of these limitations, we develop an econometric model where the inputs

from peers affect an individual’s outcome differently, depending on the peer’s position

in the individual’s peer group: fori=1,... n,
d;
Y; = Z YirBrd, + iy + & (2)
k=1

d; is the number of peers for individual ¢ and fﬂk is the outcome of the k-th lowest

performing peer of individual i; Y/Z;g takes the k-th lowest value from the set
{Y; : individual j is a peer of individual ¢.}.

Note that the model (E) does not impose linear separability on inputs from peers.
For example, suppose that individual 1 and 2 are peers. The peer effect coefficient

on individual 1’s outcome for individual 2 depends on the outcomes of other peers



in individual 2’s peer group, through the ranking of individual 1 in the group. In
this sense, the peer effect coefficients are rank-dependent. We call the model (B) a
rank-dependent peer effect model.

The rank-dependent peer effect model has several desirable properties. Firstly,
the model does not impose perfect substitution; with the rank-dependent peer effect
model, we can discuss whether the interaction among peers in terms of the peer effect
show a pattern closer to complementarity or substitutability. Secondly, the size of a
peer group matters in the model; we can see if an individual more connected to other
individuals are systemically different from individuals with less connections. These
observations are a part of the broader point that the peer effect construction is much
more flexible in the rank-dependent peer effect model than in the LIM model. For
example, an individual can only be affected by their lowest-performing or median or

highest-performing peer:

Y; = ﬂmini/ji,l + Bmedianf/;l,[di/ﬂ + 5max}~/i,d¢ + xiT7 + &;. (3)

Alternatively, the mean of peer outcomes can be the sole determining factor in the
peer effect as in the LIM model, while the coefficient depends on the size of the peer
group:

Y; = Ba,Yi+ 27y + &

These are merely two examples of peer effect heterogeneity patterns that the rank-
dependent peer effect model can accommodate.

Moreover, the rank-dependent peer effect model can be motivated as a general
regression of an individual’s outcome on the distribution of their peers’ outcomes.

As will be further discussed in Section E, ordered peer outcomes have one-to-one



relationship with the (empirical) distribution of peer outcomes. As such, our model
allows for a wide variety of heterogeneous patterns in the peer effect in relation to the
distribution. This approach relies on the key assumption of exchangeability amongst
peers in the peer effect model, meaning that the spillover an individual experiences
does not depend on the identity of their peers.

The primary contribution of this paper is the identification of the rank-dependent
peer effect model in (E) Following the literature on the peer effect in a network,
our identification is in terms of the conditional distribution of the outcomes given
the network connections and the individual characteristics; the network is assumed
to be exogenous. The steps of the identification argument are as follows. Firstly,
we show that the rank-dependent peer effect model admits a unique equilibrium
when the magnitude of the peer effect is bounded by one. Then, using the unique
equilibrium result, we derive a reduced-form representation of the model (E) Given
the reduced-form representation, we construct moment conditions to identify the
peer effect coefficients {fk.q}rq. The instrument relevance condition assumed for the
identification can easily be related to that in the LIM model.

In implementation, we use the Two-stage Least-squares (TSLS) estimation to
estimate the parameters of the rank-dependent peer effect model. Our simulation
exercises with a simple DGP show how the finite-sample performance of the TSLS
estimator fares as the the rank-dependent peer effect model becomes more complex.
To show the applicability of our model in an empirical context, we apply the TSLS
estimator to estimate spillovers in learning between students at two Norwegian High-
Schools. Our estimates show that higher-GPA peers are the driving factor in GPA
spillover, supporting the empirical relevance of the rank-dependent peer effect model
compared to the canonical models in the literature.

This paper contributes to the literature on peer effects in a network by developing



a model where the peer effect is a flexible function of peers’ outcomes in a way that
how an individual affects their peer depends on their rank in the peer group. The most
comparable to ours in the literature is Boucher, Rendall, Ushchev, and Zenou (2024).
They model that the peer outcomes be aggregated to a scalar summary measure for
the construction of the peer effect, while using a class of aggregators that nests the
mean used in the LIM model. Thus, unlike our model, they do not discuss returns
to centrality. In two extreme cases of their model, Boucher, Rendall, Ushchev, and
Zenou (2024) construct the peer effect to be linear in the minimum peer outcome or
the maximum peer outcome alone, both of which are allowed in our model as well.
Furthermore, some empirical papers use specifications close in spirit to our model
(Fosten, 2006; Han and Li, 2009; Guryan, Kroft, and Notowidigdd, 2009), though to
our best knowledge, there is yet to be a theoretical discussion of these models.

The rest of this paper is structured as follows. Section E discusses the model and
its implications. Section B formally identifies the parameters of the rank-dependent
peer effect model. Section @ discusses finite-sample performances of a TSLS estimator
in the rank-dependent peer effect model, using simulations. Finally, Section H applies

our methodology to educational peer effects in Norwegian schools.

2 Model

In our setting, a researcher observes individual-level outcomes and individual-level
control covariates {Y;, z;}I, and the network adjacency matrix {A; ;}1<; j<n. We let
A; ; = 1 indicate that individual ¢ is linked to individual j, and A;; = 0 otherwise.
We assume there are no self-loops in the network, so A;; = 0, and links may be

directed, i.e., A;; and A;; are allowed to be different.



The rank-dependent peer effect model is as follows: for¢=1,--- ,n,

IS8
&

Y, = Z YikBra, + 27y + € (4)

k=1

where

d; = Z A; ; = number of peers for individual i
j=1

Y, = outcome of the k-th lowest performing peer of individual ¢

= k-th ordered statistic from {Y;: A;; = 1}.

Note that f/z»,l << f@di for any ¢ and ffzk =Y; for some j # i. The individual-
level control covariates x; may include functions of the network adjacency matrix
{A; ;}1<i,j<n and the peer characteristics. For example, given some individual-specific
characteristics {w;}_;, the control covariate x; could be functions of {w;}"; and

{A; ;}1<ij<n, allowing for contextual effects:

di T di
Y, = Z i Bed; + <Uh’ FD I Ai,jwj> Y+ g = Z YikBrd, + 7 + €
k=1 k=1

The rank-dependent peer effect model (@) assumes that the outcomes of individual
1’s peers affect individual 7 in a way that the coefficient on a peer outcome depends
on the peer’s rank among individual i’s peer group. By 4 is the coefficient for the k-th
lowest performing peer’s outcome, when the given individual has d peers in total.
Note that the model allows a individual to affect different peers differently. Suppose
that individual 1 is friends with both individual 2 and 3. If individual 1 is the lowest-
performing peer of individual 2 while being the highest-performing peer of individual

3, the effect of individual 1’s outcome will be 3 4, for individual 2 and 4, 4, for



individual 3.
The model nests both the linear-in-means (LIM) model and the linear-in-sums
(LIS) model. By letting ;. 4 = 5/d, the peer effect term in (@) becomes the LIM peer

effect:
YiiBra, =+ YiuB = BY; (5)

. = S T 1A Y; .
with Y; = % Zz;l Yie= ZJ#—AJY” By letting Sk 4 = [, the peer effect term becomes
i j=14j

the LIS peer effect:

d; d; n
Z Yi kB, = Z YieB =5 Z A ;Y. (6)
P =1 =1

Though widely used, the LIM model and the LIS model have a caveat that using
only a mean or a sum may ignore important information contained in the second
or higher moments of the peer outcomes Thus, researchers often choose to include
additional parametric terms in the peer effect. A standard deviation of peer outcomes
is a popular choice. Other examples include minimum/maximum peer outcome, as
in Foster (2006); Han and Li (2009); Guryan, Kroft, and Notowidigdd (2009), and
proportion of peers whose outcomes are below/above a cutoff, as in Kang (2007). Our
model shares the same spirit and allows for more generalized patterns of peer effect.

In fact, the peer effect construction in our model can be understood as a linear
special case of a nonlinear peer effect where the peer outcome inputs are exchangeable.

Consider a model with nonlinear peer effect:

Y, = h({Az‘,ij}?zl) + Ty + &

LA notable exception is where the peer effect occurs through a binary variable, as in (Gazze;
Persico, and Spirovska, 2024)



We call h(-) the peer effect function, or simply the peer effect, which takes a n x 1
vector and produces a scalar peer effect. When the inputs of h(-) are exchangeable,
i.e.

h({Ai;Y5}51) = h({Aix() Ya) Fim1)

for any permutation w on {1,--- ,n}\{i}, we can write h ({4, ;Y;}7_,) = h({fﬁk}i’:l)
with some abuse of notation. Note that the vector of ordered peer outcomes {ﬁ,k}i’;l
is bijective with the number of peers d; and the empirical distribution function of

peer outcomes:

1 n
Fi(y) =+ DAY <y}
7 ]:1

In this sense, the construction of the peer effect h(-) can be thought of as a function
that takes a distribution of peer outcomes as an input. This characterization covers all
of the parametrizations discussed in the previous paragraph and many more: standard
deviation, minimum, maximum, etc. The model (@) additionally assumes that h(-)
is linear in fflka In this sense, a key intuition for the rank-dependent peer effect
model is that the names of individuals do not matter and therefore the peer effect is
a function of the peer outcome distribution.

The flexibility of our peer effect model (@) allows us to address key questions in the
peer effect literature. First, because the coefficients are rank-dependent, our model
enables the analysis of complementarity versus substitutability, as has been discussed
in Kang (2007) amongst others. For instance, when 1 4 # 0 and ;4 = 0 for every
k > 2 and d, the peer effect reflects perfect complementarity, meaning that only the
lowest-performing peer influences the outcome. On the other hand, when 3 4 = Bi 4

for all k, k', the peer effect exhibits global perfect substitutability, where each peer

*Note that the linearity is not on the {4;;Y;}7_, but on {Vix}% | the peer outcomes are not
linearly separable when unordered.



contributes equally. It is important to note that the linear structure of our model
imposes local perfect substitutability. Specifically, all peer outcomes are perfectly
substitutable with a constant marginal rate of substitution for small changes in }N/Qk
such that f/z',k_1 < ffi,k +A < f@kﬂ. However, when the change in ffzk is large enough
to alter its rank, the slope of the isoquant curve adjusts accordingly.

Secondly, because the coefficients also depend on d;, the size of the peer group,
our peer effect model enables the exploration of returns to centrality. For simplicity,
assume Y; =y for every j in the peer group of individual 7. In the LIM model, there
is zero return to centrality, meaning that the peer effect remains unchanged when an
additional peer is added. The LIS model imposes a constant return to centrality. In
contrast, our model we can document the return to centrality in a flexible manner,
by plotting d +— Zgzl Br.ay. These two features of peer effect heterogeneity are
directly related to several empirically important questions: does a student benefit
from a high-performing peer or get negatively influenced by a low-performing one?
how substitutable are peer outcomes? does the number of friends impact the spillover
effect?

While the rank-dependent peer effect model (@) allows for nonlinearity in the peer
effect, allowing for the peer effect of one peer to depend on the outcomes of all peers,
it still admits a unique equilibrium under a natural extension of the assumption used

in LIM models (Bramoullé, Djebbari, and Fortin, 2009).

Assumption 1. (BOUNDED PEER EFFECT) There exists some d such that max; d; <

d. Foreachd=1,--- ,d,
d
> 1Bral < 1.
k=1

Assumption m assumes that the sum of the absolute values of peer effect coefficients

for each individual is less than 1. Proposition E] states our unique equilibrium result.

10



Proposition 1. Assumptionu holds. Then, for any realization of {x;, A; j, € }1<ij<n,

the peer effect model (@) admits a unique equilibrium.
Proof. See Appendix @ O]

Since the peer effect model admits a unique equilibrium, there exists a well-defined
function from {e;}1, to {Y;}7, given {z;, A;;}1<ij<n.

The unique equilibrium result from Proposition m allows us to introduce a key
ingredient in the identification of the peer effect parameters: the conditional dis-
tribution of {Y;}, given {z;, 4;,}1<ij<n. Without a unique equilibrium result as
in Proposition EI, we would have to assume an (often arbitrary) equilibrium selec-
tion mechanism, if we were to derive a conditional distribution of {Y;}? , given
{z:, Ai j}1<i j<n from a conditional distribution of {&;}?_; given {z;, Az‘,j}lgz‘,jgn-a How-
ever, thanks to Proposition m, we can assume Assumption m and additional conditions

on the distribution of {g;}! ,, to construct moment conditions with {Y;}7 .

3 Identification

To simplify notation, we use E,, to denote the conditional expectation of a random
variable given the exogenous variables throughout the paper. That is for any random
variable W,

E, W] := E[W[{z;, A h1<ij<n] -

3 Alternatively, identification arguments that do not rely on knowing the entire distribution of the
sample have been proposed in the literature of games with multiple equilibria: see De Paula (2013)
for more. For example, we may limit our attention to sets of {y;}? ; that can only be an outcome
of a single realization of {¢;}?" ;, thus adding an additional conditioning variable to the conditional
distribution we discuss identification with. Or, we may focus on extreme values of {x;}? ; and
discuss identification for samples with extreme values only. Though each of these approaches have
unique appeals, it is hard to implement them in our setup since multiple equilibria in the rank-
dependent peer effect model mean that we need to consider n! different possible orderings to find
values of {y;}7_, consistent with {¢;}!"_; and thus the correspondence that maps {z;, A; j, € }1<ij<n
to the set of {y;}"_; is not straightforward to pin down.

11



We will follow the literature by assuming that the error term ¢; is exogenous to all

individual characteristics and the network.

Assumption 2. (EXOGENOUS NETWORK AND COVARIATES) For eachi=1,...,n
E [eil{zi, Aij}<ij<n] = 0.

Assumption @ rules out endogenous network formation and treats the network
structure as fixed, meaning it does not depend on the randomness in {¢;} ;. While
there has been advances in analysing peer effect models with endogenous network
formation (Goldsmith-Pinkham and Imbens, 2013; Hsieh and Le¢, 2016; Johnsson
and Moon, 2021; Jochmans, 2023), we instead focus on endogeneity in peer effects
conditional on the network !

Assumption E allows us to construct a reduced-form representation of E,[Y}],
though unlike the LIM model this reduced form is not linear in {z;} ,. Instead,
the rank-dependence creates a nonlinear reduced-form representation as shown in
Corollary m To discuss the coefficients in the corollary, let us introduce the following
notations: m denotes an ordering on {1,...,n} in terms of {y;}*; and B(7) denotes
a n X n peer effect coefficient matrix such that its i-th row j-th column component
corresponds to the peer effect coefficient for individual j’s outcome on individual ¢’s

outcome, given the ordering 7. For any realization of {¢;}?_;, Proposition EI gives us

4To see this, note that we can view our model as a second step of a two-stage process where
firstly, the network is formed and secondly, the peer effect is determined based on the connections
established in the first step. Models of endogenous network formation address endogeneity in the first
step, whereas our model addresses endogeneity in the second step by allowing peer effect coefficients
to depend on {g;}1 ;.

12



a unique equilibrium {y;}"; and thus a unique 7 such that

(1 (1 1Ty + €
=B(m)| | +

Yn Yn Ty + €

Corollary m takes expectations over the set of every possible ordering, II, and gives

us a reduced-form representation of E,[Y;].

Corollary 1. Assumptions@ and@ hold. Then, the peer effects model (@) admits a

reduced-form relationship with residual terms n;:
E, Y] = Z 0 52Ty + ni
j=1
where

0i; = 0;;(m)Pr, {r}

mell

ni=»_ > 0;;(r)E, [g|x] - Pr, {7}

well j=1

and (0171(7{'), e ,Qm(ﬂ)> is the i-th row of the nxn matriz (I, — B(r))~". Moreover,
there also exists a reduced-form relationship between the ordered peer outcome ffzk and

{5}, with residual terms {7 }5_;:

E, [Y/zk] = Z Or k3 + Tl

J=1

13



where

éi,k:,j = Z éi,k,j(W)an {m}

well
e = 33 By (B e - P, ).
well j=1
and <§i,k,1(7r), e ,ézkn(w)> is one row of the n x n matriz (I, —B(w))™", which

corresponds to the k-th lowest performing peer of individual 1.

Proof. See Appendix @ ]

Note that the residual terms 7; and 7; , may not be linear in {x;} ;.
To compare the reduced form from Corollary m with more familiar models, such as
the LIM model in (El) and the LIS model, observe that for these models, Assumptions

m and E directly yield a reduced-form representation of {Y;}7 ;:

En[Yl] 1Ty
= (L,-B) | (7)

E,[Y,] Ty

where the n x n matrix B is fG = 3 - (Am/di) A

%,J

in the LIM model and A =
g - (Am-)i’j in the LIS model. Importantly, this equation is linear in {x;} ;.
However, this linearity does not hold in our model. Instead, the rank-dependent
peer effect coefficients introduce nonlinearities in the conditional expectations due to
the connection between ordering and {z;}?” ;. Consider a simple case with three indi-

viduals where individual 1 is connected to both individuals 2 and 3, but individuals

14



2 and 3 are not connected to each other. From Assumption E, we have:

E, [Y1] = BiE, [Yal{Y> < Y3} + Y31{Y> > Y3}]

+ BB, [Val{Ys < Y3} + Val{Ys > Y3} + 1.
Substituting Y5 and Y3 using their reduced forms, we get:

AE, Yil{zi, Aij}i<ij<n] = BBy [e21{Y2 < Y3} + e31{Y5 > Y3}

3
+ BBy [e31{Ys < Y3} + £21{Y, > Y3} + Z T
i=1

for some 3, 31, 3, and 53. Without further assumptions on the distribution of {e:}0q,
the conditional expectations involving terms like E, [e51{Y2 < Y3}, which may not
be zero or linear in z;. An exception occurs when (15 = (29, in which case the
conditional expectations cancel out, resulting in a form similar to the LIM or LIS
model.

These complications affect the relevance conditions we use to construct valid mo-
ment conditions. In the standard LIM and LIS models, the relevance condition on a

set of instruments {z;}7_, for identifying 5 is given by ensuring that the matrix

(zl zn) B (I, —B)" xlsv x (s)

e Tt

has full rank. Bramoullé, Djebbari, and Fortin (2009) discusses a similar condition in
the LIM model when instruments are based on the mean covariates of peers or peers

of peers.

15



Our conditions are different and will instead relate to the reduced forms presented

in Corollary E These conditions are given in Assumption B

Assumption 3.

a. (EXOGENEITY) {zi,l, e =Zi,J}?:1 are known, predetermined functions of

{fl’i, Ai,j}lgi,jgn-

b. (RELEVANCE) The construction of the instrument z; and the reduced-form rep-

resentation of

E, |:i/;k] = Z Ok ;™Y + ik

j=1
from Corollary@ satisfy that
> i Oiag Ty + i
=1\ T Z;‘L:I éi7di7jxj.r7 + i,

X

has full rank, for each d=1,--- ,d.

1{d; = d}

Part Q of Assumption a, together with Assumption E, provides the standard

instrument exogeneity assumption commonly found in the literature. This includes,

for example, instruments based on the average covariates of peers and peers-of-peers,

as introduced by Bramoullé, Djebbari, and Fortin (2009) for estimating the effects of

peers’ average outcomes. Given the increased number of endogenous variables in our

model compared to the LIM model, a larger set of instruments is required. Beyond

the instruments discussed in Bramoullé, Djebbari, and Fortin (2009), we also consider

alternatives such as ordered peer covariates or higher moments of peer covariates. In

the following discussion, we do not commit to a specific set of instruments, we focus

16



on outlining the necessary conditions that any valid instruments must satisfy for
identification.
Assumption H—E establishes a rank condition analogous to those found in Bramoullé;

Djebbari, and Fortin (2009). The matrix in Assumption E—E decomposes into two

components:
~ T T

n ~

> i Oin Ty Tiin
Zid : Zid
E and E

’n ~
idi=d \ T; Zj:l 0;.a.;7;7 idi=d \ T; Mid
x; 0,

Constructing instruments {z; 4}7 ; such that the first matrix is full rank is straight-
forward as long as there is sufficient non-transitivity in the network and variation in

T
the covariates {x;}I ;. Specifically, we need the columns of X = <:c1, e ,:cn) and

n . n
> i1 Oi g™y > i1 Oia g™y

to be linearly independent. This condition is closely related to that found in Bramoullé,
Djebbari, and Fortin (2009), where there are no residual terms {#; x }; . As such, when
{7k }ix are close to zero, the sum of the two matrices will also have full rank, satis-
fying our relevance condition. In cases where {7); s}, are nonzero, it is challenging
to interpret the rank condition, but we can empirically check whether or not it holds

in a given sample.

17



To simplify the notation of our identification results, let

.
BZ(ﬁll Bor Baz -+ Pig - 5&&)

T
Y;:(o e 0 )71.’1 f/i’di 0 0)

so that the rank-dependent peer effect model (@) can be written as follows:

. B
Y; = Y;Tﬁ -+ .’ILL'T’}/ +&; = WZ'T + &;. (9)

g

d(d+1)

Let W; = (fQT,xiT)T e Rz tand z = (2,7, 2", x;T)". Lastly, let Y, W

and Z denote the row-stacked matrices of Y;, W; and z;. Theorem EI provides the

identification result.

Theorem 1. Suppose that Assumptions B—B hold and n > @ + 1. Then, 8 and ~

are identified from the moment condition below:

E, [ZTW] "l _E, 1Z7Y] . (10)

v

Proof. See Appendix @ ]

For identification, we consider a fixed n and d environment. The minimal condition

n > d(d+1)

5— + 1, along with Assumption H, guarantees that the matrix E, [ZTW] has a

left inverse. However, in practice, when d is large relative to n, this can pose chal-
lenges. In such cases, it may be beneficial to consider an asymptotic framework where
d grows with n and thus the dimension of /3 also grows with n. If the parameter 3 sat-

isfies some sparsity or smoothness restrictions, it may be possible to take advantage

18



of recent developments for high-dimensional models with many endogenous variables.
See for example Belloni, Hansen, and Newey (2022). However, this literature primar-
ily analyses cross-sectional data, and it is unclear if these results will extend to our
setting due to the dependent nature of network data.

The moment condition () consists of n different equations, one for each student

i=1,---,n. Since Y; concatenates d different vectors of peer outcomes where only

one out of the d vectors is nonzero for a given student, the n x (@ + l) matrix

E,.[ZTW] can also be decomposed into d submatrices. Part E of Assumption J gives
us each of the d submatrices having full rank, leading to E,[ZTW] having full rank as
a result. Given that E, [ZTW] has full rank, it is trivial to write 5 and ~ as functions
of the conditional moments of {Y;}? ;. In the case of the TSLS estimand, the first
stage coefficient matrix from regressing W; on z; is used. Let I' denote the first stage

coefficient matrix. Then,

BTSLS = (B, [(ZI)"W]) ' E, [(ZI)TY] = ’
! Y

For Sections @ and H, we use the sample analogue of the TSLS estimand as our

estimator.

3.1 Comparison to other peer effect estimands

A natural question, given that our model generalizes the standard LIM model,
is to what extent existing estimands recover the key parameters of interest from
our model. A commonly accepted minimal standard for such estimands is that they
represent weighted averages of the underlying heterogeneity, such as in the analysis of

instrument variables (Mogstad and Torgovitsky, 2024) or the analysis of Difference-in-
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Difference estimands (De Chaisemartin and d’Haultfoeuille, 2020; Goodman-Bacon,
2021)). To explore this, we first assume instruments that satisfy the relevance condition

used in the LIM model and define a LIM estimand as follows:

UM .— (E, [ZTMxGY]) ' E, [ZTMyY]

where G = (Ai,j/di) cand My = [, — X(XTX)_l XT with X, a row-stacked matrix

]

constructed with {z;}* ;. Similarly, for the LIS model, we define
BYS .= (E, [Z’MxAY]) ' E, [ZTMyY]

where A = (Aivj)i,j'

Assumption 4.

i There exist an instrument {z;} |, a known, predetermined function of

{4, Aij }1<ij<n, that satisfies E, [ZTMxGY] # 0.

it There exist an instrument {z;}1,, a known, predetermined function of

{ZL‘Z‘, Ai,j}lgi,jgn; that satisﬁes En [ZTMXAY] 7é 0.

These conditions are the same instrument relevance conditions used in the LIM model

and the LIS model, as in Bramoullé, Djebbari, and Fortin (2009).

Proposition 2. Under Assumption B, @ and —H,

d
d=1

d
BN =D > wid'dBra
k=1

where Zgzl S wil' =1 and wi)' < 0. Similarly, under Assumptions B, @ and



=
=1

d d
LIS LIS
g = E E Wi 4 Br.a

d d LIS _ LIS
where Y gy 2y Wgg = 1 and wyg S 0.

)

Proof. See Appendix @ ]

Note that, in the case of LIM misspecification, the weights are applied not directly to
Br.a but to dfy 4. The rank-dependent peer effect coefficient B 4 represents the impact
of a single peer outcome when there are d peers in total, so it should be rescaled by
d to interpret it as a coefficient on a ‘representative’ or‘average’ peer. For instance,

when 14 = ... = Bqa = 3, we have:

d
Z Br.aik = dBYi,
k=1

where the coefficient on the average peer outcome is dfy 4.

Proposition B demonstrates that both the LIM estimand ™™ and the LIS esti-
mand S5 are weighted sums of the rank-dependent peer effect coefficients {8y, 4}r.a-
While the weights sum to one, which is reasonable, there is no guarantee that the
weights have the same sign. As a result, it is possible for all S 4 to be positive, while
the LIM estimand "™ is negative, and vice versa. The expressions for the weights

are provided in the Appendix.

4 Simulation

To investigate the finite sample performance of the TSLS estimator for the rank-
dependent peer effects, we simulated 1000 samples from the rank-dependent peer

effect model, while varying the model specifications. To fully investigate the small
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sample properties of the estimator, we consider sample sizes of either n = 100 or

n = 200. The DGP is as follows: for i =1,...,n,
Yi=vn+nXi+YB+e

and

X\ 0) {1 0

~Y

To simulate the network adjacency matrix A, we let
Ai7j = ]_{V;J 2 7'}.

with V; ; S unif|0, 1]. {V; ;}i»; are drawn independently of {X;, ¢;}7; and the thresh-
old 7 is decided after drawing {V; ; }i; to ensure that the maximum number of peers
is capped at a predetermined d. In cases where the network has less than d + 2
students for each level of d; =0, -- - , d we redraw the network.

The instruments {z,» = (zm, . ,ziygT)T}?zl used in the TSLS estimation are con-
structed by taking ordered statistics of peers’ covariate {X};.4, ,—1 for each student
i. ziq is a d-dimensional vector that orders {X;};. A;;=1 when d; = d and contains ze-
ros when d; # d. To avoid the contamination bias discussed in Goldsmith-Pinkham,
Hull, and Kolesar (20244), we stratify our estimator. We do this by splitting the
dataset into d+ 1 strata of {i : d; = 0},...,{i : d; = d} and the sets of the coefficients
(fyo, fyl) Bias-- (51’5, e ,5(2’(2) are separately estimated from each strata.

First, we set d = 2. The bias and MSE of the TSLS estimator are compared

to those of the OLS estimator in Table m In this table, two key model parameters,
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TABLE 1
COMPARISON BETWEEN THE OLS ESTIMATOR AND THE TSLS ESTIMATOR

bias MSE

o @ 6 @ G © O 6

FPLS_0.006 -0.010 -0.006 -0.008 0.011 0.011 0.005 0.006

30F5 0118 0051 0138 0.050  0.144 0.047 0.125 0.036

APSES S 0.000  0.001  0.000 -0.002 0.019 0.018 0.008 0.008

ATSTS 0.042 0012 0.039 0.004 0409 0.081 0.379 0.053

Y 1 2 1 2 1 2 1 2

n 100 100 200 200 100 100 200 200

Notes: The values of the coefficients used in DGP are as follows: 79 =1 and § = (0.3, 0.170.2).
The instruments used in TSLS estimation are ordered peers’ covariates and the TSLS estimation
is stratified in the sense that the dataset is separated into three subdata—{i : d; = 0}, {¢ : d; = 1}
and {i : d; = 2}—and the sets of coefficients— (o, 71), 81,1 and (1,2, B2,2)—are estimated from
each subdata.

~v1 and n, vary across the columns. As expected, the OLS estimator shows a larger
bias compared to the TSLS estimator. However, the TSLS estimator has a higher
variance than the OLS estimator. Notably, as |7, | increases, the variance of the TSLS
estimator decreases. This indicates the finite sample performance of the estimator
depends on the existence of strong covariates.

Additionally, as |y;| increases, the performance of the OLS estimator also improves
in terms of both bias and MSE. A larger |y;| means that the ordering of {Y;}I,
relies less on the variation in {g;}? ; and more on the variation in {v,z;}? . If the
endogeneity problem is exacerbated by the randomness in the mapping {Y;}}_;

Yk, then a larger |v;| may help reduce bias by decreasing this randomness.

Next, we increase the parameter space by setting d = 5. Since the dimension of 3 is
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TABLE 11
THE TSLS ESTIMATION WHEN THE NETWORK IS MORE CONNECTED

bias MSE

o @ 6 @ 6 © @ @ 9 (10

31,2 0.042 0.015 -0.011 -0.006 0.002 0.409 0.348 0.034 0.013 0.004

Bg,g -0.018 -0.003 0.011 -0.001 -0.004 0.089 0.088 0.016 0.008 0.003

Bis 0.135 0.023 0.005 0.017 1.790 0.837 0.265 0.175
Bas -0.078 0.001  0.005 0.004 3.967 1.898 0.936 0.358
B35 0.082 -0.013 0.019 -0.027 5.587 2.257 1.231 0.394
Bus 0.025 -0.006 -0.003 0.022 4.837 1.378 0.836 0.342
Bs.5 -0.024 0.013 -0.003 -0.010 1.576  0.458 0.253 0.097
o 1 1 2 3 5 1 1 2 3 5
d 2 5 5 5 5 2 5 5 5 5

Notes: The values of the coefficients used in DGP are as follows: n = 100, vo =1, 81,1 = 0.3 and

0.1
Bra =021k = d} + -——1{k < d}

for d = 2,---,5. The instruments used in TSLS estimation are ordered peers’ covariates and
the TSLS estimation is stratified in the sense that the dataset is separated into three subdata—
{i : d; = 0},---,{i : di = 5}—and the sets of coeﬁicientsf(vo,’n), e 7(ﬁ1,57"' ,55,5)*31"6
estimated from each subdata.

proportional to d?, this introduces 15 different coefficients for the rank-dependent peer
effect in our model. Table @ presents the bias and MSE of the TSLS estimator under
this setting. We observe that the TSLS estimator suffers from significant bias and
highly volatile variance when 7; = 1 (columns 2 and 7). However, as |7y;| increases,
the variance of the TSLS estimator decreases, as shown in columns 8 through 10.

Interestingly, the MSE is larger for the coefficients ;5 where k = 2, 3,4, compared

to k = 1,5. This may be related to our earlier observation that larger |y;| improves the
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TABLE III
R? IN THE FIRST STAGE REGRESSION

average first stage R? Pr {R2 > 0.8}

LHS o @ 6 G © O 6

Yis 0.833 0.897 0.937 0.960 0.662 0.831 0.936 0.978

Yo 0.847 0.896 0.930 0.955 0.715 0.835 0.928 0.974
Y35 0.839 0.895 0.930 0.953 0.687 0.834 0.930 0.974
Yis 0.834 0.898 0.926 0.960 0.684 0.841 0.906 0.984

Y55 0.824 0.900 0.930 0.960 0.663 0.855 0.925 0.982

v 1 2 3 5 1 2 3 5

Notes: The values of the coefficients used in DGP are as follows: n = 100, d = 5, v9 = 1,
ﬂ171 = 0.3 and

0.1
Br,a = 0.21{k = d} + -1 1l{k < d}

for d = 2,---,5. The instruments used in TSLS estimation are ordered peers’ covariates and
the TSLS estimation is stratified in the sense that the dataset is separated into three subdata—
{i : d; = 0},---,{i : di = 5}—and the sets of coeﬂicientsf(’y(),’h), e ,(Blﬁv"' ,55,5)*&1"6
estimated from each subdata.

performance of the OLS estimator. The identity of the k-th lowest-performing peer
tends to fluctuate more frequently for k = 2, 3,4, leading to a more severe endogeneity
problem from the randomness in the mapping {Y;}}_, fﬁk In contrast, this issue
is less pronounced for k = 1, 5. Therefore, it may be reasonable to impose smoothness
restrictions on [ 4 for values of k that are not close to 1 or d.

Finally, Table [I] reports the average first-stage R? and the probability of the R?
exceeding 0.8 for each of the endogenous variables }71,5, S ?5,5. The results show that
a weak first-stage regression exacerbates the performance of the TSLS estimator. This
suggests that the potential costs of allowing for a more complex parameter space in

terms of peer effect coefficients can be mitigated by carefully selecting the instruments

25



{z;}"_, to ensure a sufficiently strong first-stage regression.

5 Empirical Illustration

To see how our model behaves with real data, we apply it to a dataset from Herstad
(023), which is collected in two Norwegian middle schools and contains school grades,
test scores for a nationwide test (“National Test”) taken prior to entering middle
school, parental background variables, and friendship network of the students. We
follow the regression specification of Alne, Herstad, and Myhre (2024); the GPA is
the outcome variable with possible spillovers and the National Test score and other
socioeconomic and demographic variables are the control covariates. The instruments
are constructed with the National Test score.

In this paper, we expand the LIM model to allow for ordered peer outcomes to
affect a student differently, as in (a) Specifically, we focus on the highest-performing

peer and the lowest-performing peer. Furthermore, whenever well-defined, we let

As fﬁk is the k-th lowest GPA among student i’s peers, 371',—1—111- is the average GPA
of student ¢’s peers minus the one with the lowest GPA and the one with the highest
GPA, and so on. For the instruments, we construct z;1, %4, Zi—1-4;, 2i,—1 and
Zi —a, accordingly, using the National Test score. For each specification, we use the

corresponding instruments to the Y; variables contained in the specification.
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TABLE IV
MIN/MAX MODELS FOR EDUCATIONAL PEER EFFECTS

Dependent variable: GPA
(1) (2) (3) (4) (5)

Y 0.483%**
(0.131)
Y4, -0.003
(0.278)
Y, 0.678**
(0.295)
Y,l,,di 0.156
(0.475)
Yy, 0.43 0.303 0407
(0.813) (0.591) (0.151)
Vi -0.067 0.138 0.18*
(0.221) (0.202) (0.106)
Parent Income 0.146** 0.15%* 0.148** 0.135%* 0.136**
(0.066) (0.068) (0.069) (0.065) (0.066)
Born in Norway -0.277** -0.26* -0.363**  -0.298%* -0.321**
(0.135) (0.136) (0.148) (0.149) (0.139)
National Test 0.388*** 0.383***  0.401***  (.381*** 0.381***
(0.053) (0.053) (0.052) (0.053) (0.053)
Parental Education  0.053***  0.051%**  (.049*** 0.05%** 0.05%***
(0.016) (0.016) (0.017) (0.016) (0.016)
Distance to School -0.011 -0.015 0 -0.022 -0.024
(0.048) (0.051) (0.052) (0.052) (0.05)
Female 0.468*** 0.4%** 0.586***  (.442%** 0.466%**
(0.101) (0.093) (0.103) (0.093) (0.104)
Constant S1.37TTRRR J1B6EFR ST 83K 11 434% KK 1] 488%F*
(0.345) (0.454) (0.477) (0.382) (0.387)
Observations 529 529 529 529 529
Adjusted R? 0.476 0.474 0.450 0.480 0.476

Notes: *p < 0.01; **p < 0.05; ***p < 0.01. The standard errors are computed from the asymptotic
variance formula discussed in Section @ of the appendix.

As controls for student background, we use the log of household income, whether

the student was born in Norway, the average number of years the parents have been
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educated, the distance the students live from school as well as the student’s gender.

Table N shows the estimation results. There are five specifications we consider.
The first is the classic LIM model. The second and third specifications separate
out the lowest and highest friends GPA respectively. In the fourth we separate out
both the highest and lowest GPA, while in the final specification we only include the
highest and lowest GPA friends, not using the average GPA of the peers inbetween.

While the estimates are noisy, there are indications that the majority of estimated
peer effect in the LIM model is driven by ffdi, the friend with the highest grade. We
see that the coefficient on Y] is consistently smaller than the coefficient on Y. In
our specification where we only separate out ffdi, the coefficient on the remaining
LIM component is almost zero. However, the estimate of the coefficient on Y/di is not
significant in this specification. In total, this exercise shows that there may be large
heterogeneity in peer spillovers in education masked by the estimated effect of the
LIM model, though we do not have the power in this sample to conclude anything

concrete.

6 Conclusion

This paper introduced the rank-dependent peer effect model. In this model, how
you affect your peer depends not only on your own outcome level but also on the
outcomes of the other peers that they have. The construction of the peer effect in the
model is flexible enough to allow us to discuss many interesting questions regarding
how the composition of a peer group affects the peer effect: complementarity v.
substitutability, returns to centrality, etc. Traditional peer effect models, such as the
linear-in-means (LIM) model, tend to oversimplify the dynamics of peer influence by

focusing on a single scalar parameter and assuming perfect substitutability among
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peers. This oversimplification neglects the heterogeneity within peer effects, where
individuals may experience varying degrees of influence depending on the structure
and nature of their interactions, across different empirical contexts. By developing
the rank-dependent peer effect model, this paper allows researchers to investigate
richer patterns of peer interactions, with specific peers—such as the highest or lowest
performers—having disproportionately larger effects on outcomes in certain contexts.

While we have focused on identification and estimation through TSLS, there are
multiple avenues to establish estimators with better finite sample properties. For ex-
ample, the model can benefit from having an estimator that has data-driven smooth-
ness or sparsity property. Future versions of this paper will analyse some of these
avenues.

Finally, this paper has only considered settings with exogenous networks. As work
on incorporating endogenous networks into peer effect models continue to develop,
it would similarly be interesting to see if similar approaches can be applied to the

rank-dependent peer effect model.
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APPENDIX

A Asymptotic theory for the TSLS estimator

Assumption B gives a set of sufficient conditions for the asymptotic normality of

the TSLS estimator. Recall the peer effect equation (E)
Assumption 5.

a. The two matrices

1 < 1 <
= Wi - 12
- Z z and - Z 2%
i=1 =1
converge to full rank matrices (in probability) as n — oco.
b. \/Lﬁ > % LN N (0,2w) with some Ly > 0 as n — oo.

Part Q of Assumption H is the sample counterpart of the relevance conditions dis-
cussed in Section a Part E assumes that {e;}7, satisfies some weak dependence

condition and {z;}?_, does not explode so that we have asymptotic normality on

1 n
Vn Zi:1 Zi&.

Theorem 2. Assumptions B—B and@ hold. Then,

as n — 0o, with some consistently estimable positive definite matriz 3.
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Proof. The TSLS estimator is

-1

n n -1 n
p = % ZZI Wiz T (% Z ZiZiT> % Z 2 Wit

i=1 =1

n

n -1

=1

By Assumption H \/Lﬁ Doy % 4 N(0, Sw), and the matrices
C = plim 1 i zW;T and B = plim 1 i 227
n — (2 (2 n — 1~

exist and are full rank. Therefore by the continuous mapping theorem we get

With © = (CB~'C) ' OB 'Sy ((03—10)‘1 OB‘l)T
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B Proofs

B.1 Proof for Proposition m

WTS for any {z;, €}, the peer effect model (@) admits a unique equilibrium
{y:}", such that for i =1,--- n,
d

Yi = Ui keBra;, + i’y + €.
k=1

Uik is constructed in the same way as Y j.

Consider a function g : R — R" such that
d
91 (y) > o1 YirBray + 21Ty + @

dn
dn (y) Zkzl yzkﬁkdn +x,7y + €,

when y = (yl, e ,yn)T. Note that the function g depends on {z;, A;j, €; }1<ij<n In
addition to {f.4}ra and v. We show that the function g is a contraction mapping

with the supremum norm: for any y,y’ € R",

l9(W) = 9 )l < BNy — ¥/l -

Firstly, suppose that y and 3 have the same order. The inequality holds trivially:
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for each i,

d;
19:(y) — 9i(y/ Z Yik — yzk‘ Bred;
k=1
d;
Ny =9l <Blly =9l
k=1

with some = maxy 22:1 |Bk,a| < 1. The first inequality holds since y and y' have

the same order and therefore ;x and g;, are the outcome of the same individual:

}gji,k — i k! is bounded by ||y — ¥/||cc. The second equality is from Assumption EI
Secondly, suppose that y and 3 do not have the same orderB Fix ¢ and k and

consider

When individual i’s k-th lowest performing peer under the outcome vector y is the

same individual with that under the outcome vector 1/, the quantity above is bounded

|- 1ly — ¥'[|co- Suppose that the order change affects individual i’s k-th lowest
performing peer and WLOG let g;x = y1 and g;, = y'; individual 7’s k-th lowest
performing peer is individual 1 under the outcome vector y and is individual 2 under

the outcome vector y'. Then,

A |y1 - ?J2/|

and individual 1’s rank among individual i’s peers under the outcome vector y is

either higher than k£ or lower than k.

5Tt is assumed throughout the proof that some tie-breaking rule is applied here so that there is
one-to-one relationship between an individual’s peers and the ordered outcomes y%,--- , y? 4
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Case 1. Individual 1’s rank among individual i’s peers under the outcome vector
y' is higher than k: there exists some k' > k such that y,’ = y,,/. Then, we have

that
' =y >0 =y
and therefore
=y Zy =y =yle—v" = —lly =¥l

Since individual 1 is ranked higher under the outcome vector 3’ compared to the
outcome vector y where his rank was k, there must be another individual j # 1
whose rank is lower than or equal to k under the outcome vector 3’ and is higher than

k under the outcome vector y:
yi' <Uip =" and y; >0k =y
and therefore
1=y <y =y <y Y=Yl — v <y = ¥lloo

By combining the two inequalities, we get |y1 — vo'| < |y — V'] -
Case 2. Individual 1’s rank among individual i’s peers under the outcome vector

y' is lower than k: there exists some k' < k such that y," = y,,". Then, we have that

/ ~
v =y <P =y
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and therefore
=y <y Y=Y e — 12" <y — Vo

Since individual 1 is ranked lower under the outcome vector y compared to the
outcome vector y where his rank was k, there must be another individual j # 1
whose rank is higher than or equal to & under the outcome vector 3" and is lower than

k under the outcome vector y:
yi' > U=y and  y; <Gk =
and therefore
=y Zy = 2y =y =yl — v =2 —lly =l

By combining the two inequalities, we get |y1 — yo/| < ||y — V|| co-

By aggregating across k for the fixed ¢ and then aggregating across ¢, we get

l9(W) = 9 )l <Blly — ¢/l -

Assume to the contrary that there exist y,y" € R™ such that y # v/, vy = g(y) and

Y =g(v). Let ¢ = |ly — y/|loc > 0. Then,

c=y=9yllo =191 — 9 )l <Blly = ¥lloc < Bc<c

from Assumption m, leading to a contradiction.
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B.2 Proof for Corollary

Let 7 denote a ordering on {Y;,--- Y, } with some tiebreaking rule.
7:{1,--- ,n}—{1,--- n}

and satisfies that Y;q) < --- < Yi(,). Note that 7 is a function of {e;}7; from
Proposition m, we have shown that there exists a unique equilibrium and thus a unique
ordering for each realization {¢;}7 ;. Let II denote the set of all possible ordering on
{Y1,---.,Y,}. Il is a function of {z;, A;;};; and the distribution of {e;},.

For any realization of {¢;}!_; and the corresponding ordering 7, there is a reduced-
form linear relationship between {y;}"; and {z;}"_;: construct a n x n matrix B(m)

such that

Z?]

B(m) = (5@'(7?))

Bij(ﬂ-) = —1(;
Bra, for some k s.t. Z;T,:lu) Aingn =k it Ajj =1

B(m) takes the ordering 7 as fixed and finds the corresponding rank-dependent co-
efficient Sy 4 for each of the peer outcomes. Find that (I, — B(w)) is invertible for
any m: suppose that there is some x # 0 such that © = B(7)x; for some i such that

|21 = 11| oo

|$i| =

> Bi(m)z;
=1

j
<Y 1B (™) - | < Bla| < |,
7=1
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leading to a contradiction; I — B(7) is full rank. Then,

Y = B(n)Y + Xy + E

Y =(I-B(r) " Xy+ (I, —B(x)) 'E.

We have a reduced-form linear relationship between {y;}7, and {x;} .

Since the reduced-form relationship holds for every realization of {¢;}! ; such that
the ordering 7 stays the same, we can consider a conditional expectation of the linear
relationship given the event that {g;}7; induces the ordering 7. Let I denote the

set of all possible orderings 7, then

= 3> 04(m) (277 + B [esl]) - Pra {7}

well j=1

= iz Ty +

J=1

where <6’i1(7r), - ,Qm(w)> is the i-th row of the n x n matrix (I —B(x))™" and

= 0;(m)Pr, {7}

mell

ZZQW E, [¢;|7] - Pr, {7} .

mell j=1

Likewise, by taking a different student while summing over the ordering 7, we get

E, [fflk] = Z Z éi,k,j (m) (ij'Y +E, [¢;|7] ) - Pr, {r}

mell j=1

= Z 0; 10505 + i

j=1
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where <§¢7k71(w), _ ,91-7;%(7?)) is one row of the n x n matrix (I,, — B(W))_l, which

corresponds to the k-th lowest performing peer of student ¢, and

zk:,] Zez k,] Prn {ﬂ-}

mell

Nik = ZZ@ ki (T)Ey, [ej]m] - Pr, {7}.

well j=1

B.3 Proof for Theorem

Construct a (d+1) x 1 vector Y such that

Y;:(O ce YR Yz’i OdT>.

Y; stacks up (hypothetical) vectors of peer outcomes with varying peer numbers d =
1,---,d; the peer outcome vector of peer number d is nonzero only when d = d;.
Let W; = (YQT, xiT)T. Then, the rank-dependent peer effect model can be written as
follows:

- B
Vi=YB+aTy+e=W]T +€i.

g

Likewise, construct a vector of instrument z; such that z; stacks up vectors of instru-

ments with varying peer numbers d =1, --- , d.
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Zid, the instrument vector of peer number d, is nonzero only when d = d;.

Consider a stacked up matrix of the peer effect model (@)

Y=W +E

7Y = ZTW g + Z'E.

v

From Assumption a, by taking expectation conditional upon {z;, 4;;}; .

B
gl

E,[ZY] = E, [ZTW)]

The parameter of interest § and v are identified from the conditional distribution of
{Sfi}?zl given {I‘i, Aij}lgi,jgn when En [ZTW] is full rank.

From Corollary m, we have the tools to write out the matrix E,, [ZTW]:

szm O T led QZX,1
O2ix1 QZYp,z Tt OleJ QZX,Q
E, [ZTW] = : :
OJlxl OJlxz T QZYP,J QZX,J
QXYP,l QXYP,Q Tt QXYP,J QXX
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where

n

Qura=3 (B [F0] - B [fia] ) 1=

Qzxa= Z zigr; 1{d; = d},

=1

Qxya= Xn:x (En [ 1] . B, [ydD 1{d; = d},

=1

R

n
XX i bg .
i=1

A slight abuse of notation is applied here: the row vectors in the summation of @ 4y 4
and @ yy 4 do not have the same dimension, but the indicator 1{d; = d} only selects

the ones with d components.

Thanks to the diagonal structure of Qv 4, -+, @2y 4, each submatrix
szf d QZX,d
Qa = ’
QXY/,d Qxx

being full rank for d = 1,-- - ,d implies that ZTE,, [W] is full rank. From the reduced-

form representation of E, [fik} with 6 and 7, we get

2?21 0i1,5T5TY + Tin

Qu=) o o 1{d; = d}.

. n ~
i=1 \ @i || 2o Oiaig ™Y+ i,

Z;

From Assumption H, Q4 has full rank.
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B.4 Proof for Proposition

The LIM model is:

Y, = BN+ 2Ty e,

With some z; that is a function of {x;, A;;};; is used as instruments, the moment

condition used in the estimation of the LIM estimator is:

E, [Y] = B“™GE, [Y] + Xy
MxE, [Y] = “™MMxGE, [Y] + MxXy
= MM GE, [Y]
ZTMxE, [Y] = f*™Z M xGE, [Y]

M = (ZTMxGE, [Y]) ' ZTMXE, [Y]
where G is the row-normalized network adjacency matrix and
My = I, - X (X'X) "' XT,
We know that

d;
B, [Vil{i, Aigbisl = Y BaBa |Yia| + 277
k=1
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from Assumption B Then, the misspecified parameter S“™ becomes

2?:1 Bk,dEn [Y/l,k}
UM — (ZTMxGE, [Y]) ' Z™My :

S BrdEn [ffnk]

By rewriting the matrix multiplications as a summation with

n n -1
A= E %" E X" )
i=1 i=1

we get
5LIM _ 22;1 (Zi - sz) Zi;l E, [ﬁk} ﬁk,d
> i <ZZ - Ax2> d%- Zill E, [Yfzk‘]
B Zg:l Zi:1 > e En [(Zz - ACI%) Y/i,kl{di = d}] Br.a
- YDV DANED SN o [(Zz - Axi) Y 1{d; = d}] |
By letting
LIM 2ica “llE" [(Zz B Axl) Y/i’kl{di ~ d}]
Wi = R Z )
it o Sy 4B [ (=~ Awi) Vi {d = )]

BMM hecomes

BLIM

d d
= Z w};’%\a dBr.a-
d=1 k=1
The weights satisfy the sum-to-one constraints: 2521 S wil = 1.
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Likewise, for the LIS peer effect parameter, we get

| Y T T B [ (A Vi i = )] B

LIM
SIS (ERFR IR
d d
- wl%,{isﬂk,d.
d=1 k=1
where A )
> i1 En [(Zz - Axi) Yiel{d; = d}}
LIS _
W g =

25:1 ZZ:l > i1 En [(zz - jl:vl) 1?;Jfl{di = d}} |

Again, the weights sum to one: 25:1 S wpy = 1.
When z; is not a scalar, we can modify the argument above and get similar
expressions, by replacing z; — Az; with ¢ (zi — /lx2> with some weighting c. In

the canonical TSLS case, the weighting vector is
" =E, [YIGTMyZ(Z'Z)"'];

misspecification weights depend on the weighting matrix when the LIM or LIS is

overidentified.
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